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Abstract

A thermal lattice BGK model with doubled populations, together witha new boundary condition for temperature and heat flux, is propos
to simulate the two-dimensional natural convection flow in a cavity. Numerical results for the problem of insulated horizontal w
vertical walls at different temperatures arepresented; they are found to be in good agreement with those of previous works. In addition, th
problem of insulated horizontal walls and vertical walls heated and cooled by means of an imposed heat flux is discussed. Numer
are presented as compared with theoretical values and they are found to be in satisfactory agreement. Therefore, the method
fundamental behaviors in thermal flows of engineering interest.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

In the last decade lattice kinetic theory, and most nota
the lattice Boltzmann method (LBM) (see, for examp
Higuera et al. [1], Benzi et al. [2], Alexander et al. [3], Ch
and Doolen [4] and Succi [5]), have met with significant s
cess for the numerical simulation of a large variety of fl
flows, including real-world engineering applications. T
lattice Boltzmann equation (LBE) is a minimal form of th
Boltzmann kinetic equation, which is the evolution equat
for a continuous one-body distribution functionf (�x, �v, t),
wherein all details of molecular motion are removed exc
those that are strictly needed to represent the hydrodyn
behaviour at the macroscopic scale. The result is a very ele
gant and simple evolution equation for a discrete distribu
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function, or discrete populationfi (�x, t) = f (�x, �ci, t), which
describes the probability to find a particle at lattice po
tion �x at time t , moving with speed�ci . In a hydrodynamic
simulation by using the LBE, one solves the only-two-st
evolution equations of the distribution functions of fictitio
fluid particles: they move synchronously along rectilin
trajectories on a lattice space and then relax towards th
cal equilibrium because of the collisions. With respect to
more conventional numerical methods commonly used
the study of fluid flow situations, the kinetic nature of LB
introduces several advantages, including easy impleme
tion of boundary conditions and fully parallel algorithms.
addition, the convection operator is linear, no Poisson e
tion for the pressure must be resolved and the translatio
the microscopic distribution function into the macrosco
quantities consists of simple arithmetic calculations.

However, whereas LBE techniques shine for the sim
tion of isothermal, quasi-incompressible flows in comp
geometries, and LBM has been shown to be useful in ap
cations involving interfacial dynamics and complex bou
aries (see, for example, the recent works of Nie et al.
Lim et al. [7], Nguyen et al. [8], Hoekstra et al. [9], Fac
et al. [10], Inamuro et al. [11] and Dupuis et al. [12]), t
application to fluid flow coupled with non negligible he
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Nomenclature

�ci = (cix, ciy) discrete particle speeds
c = dx/dt minimum speed on the lattice
cs lattice sound speed
dt time increment
dx = dy lattice spacing
�T = Th − Tc temperature difference between hot

and cold wall
e internal energy density
e′ counter-slip internal energy density used in the

thermal boundary conditions
f , g continuous single-particle distribution functions

for density-momentum and internal energy-heat
flux fields

f̃ , g̃ modified continuous single-particle distribution
functions for density-momentum and internal
energy-heat flux fields

fi , gi discrete distribution functions
f̃i , g̃i modified discrete distribution functions
f e

i , ge
i equilibrium discrete distribution functions

G1 = βg(T − �T ) buoyancy force per unit mass
G2 = βg(T − TO) buoyancy force per unit mass
�g = (−g,0) acceleration due to the gravity
H , L cavity height, width
k thermal conductivity
Nu1 = − H

�T
∂T
∂y

|wall Nusselt number

Nu2 = − H
�T

qy

k
Nusselt number

Nu = 1
H

∫ H

0 Nudx average Nusselt number
Pr = ν/χ Prandtl number
�q = (qx, qy) heat flux

R constant of the gas
Ra1 = βg�T H 3/νχ Rayleigh number
Ra2 = βg�T H 4qyPr/ν2k Rayleigh number
t temporal coordinate
T , �T local, average temperatures
TO temperature at the cavity centre
T ∗∗ = χνRa4/5

2 /βgH 3 reference temperature
�x = (x, y) spatial coordinate
y∗∗ = H Ra−1/5

2 reference horizontal coordinate
�u = (u, v) flow velocity
�u′ = �ξ − �u peculiar speed of the molecules
(U,V ) flow velocity at wall
V ∗ = ν/Pr H diffusion, reference velocity
V ∗∗ = χRa

2/5
2 /H reference velocity

Z continuous viscous heating term
Zi discrete viscous heating term
wi weights of discrete populations

Greek symbols

β coefficient of thermal expansion
ν kinematic diffusivity
χ thermal diffusivity
ρ, ρ̄ local, average fluid density
�ξ absolute velocity of molecules
τf , τg relaxation times towards the local equilibrium

Super- and sub-scripts

e equilibrium
h, c hot, cold
W,N,E,S west, north, east, south
ex-
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transfer turned out to be much more difficult (see, for
ample, Chen et al. [13] and [14], Mc Namara et al. [1
Chen [16], Vahala et al. [17], Karlin et al. [18], Luo [19
Succi et al. [20] and Lallemand and Luo [21]).

The LBE thermal models fall into three categorie
the multi-speed approach, the passive scalar approach
the doubled populations approach. The so-called m
speed approach, which is a straightforward extension
the LBE isothermal models, makes theoretically poss
to express both heat flux and temperature in terms
higher-order kinetic moments of the particle distributi
functionsfi (�x, t). It implies that higher-order velocity term
are involved in the formulation of equilibrium distributio
and additional speeds are required by the correspon
lattices. The latter is arguably the major source of numer
instabilities of thermal lattice kinetic equations; in additio
it can seriously impair the implementation of the bound
conditions, a vital issue for the practical applications.

The passive scalar and the doubled populations
proaches are based on the idea of dispensing with the ex
d

t

representation of heat flux in terms of kinetic moments of
particle distribution functionf (�x, �v, t).

A successful strategy consists of solving the temp
ture equation independently of LBE, possibly even w
totally different numerical techniques. If the viscous h
dissipation and compression work done by the pressure
negligible, the temperature evolution equation is the sam
a passive scalar, and this approach enhances the num
stability (see, for example, Vahala et al. [17]); the coupling
to LBE is made by expressing the fluid pressure as the g
ent of an external potential. Clearly, this strategy repres
a drastic departure from a fully kinetic approach, and la
some elegance.

A more elegant possibility is to double the degrees
freedom and express thermal energy density and heat
still as kinetic moments of a separate ‘thermal’ distribut
g(�x, �v, t) (see He et al. [22]). The advantage of this lat
approach is that no kinetic moment beyond the first orde
ever needed, since heat flux (third order vector moment off )
is simply expressed as the first order vector moment ofg: as
a result, disruptive instabilities conventionally attributed
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the failure of reproducing higher-order moments in a disc
lattice are potentially avoided/mitigated. With respect
the previous approaches, the method is able to inc
viscous heating effects, and the boundary conditions
easily implemented because bothf andg live in the same
lattice, where additional speeds are not necessary.

As far as the thermal boundary conditions are c
cerned, LBE techniques usually handle the Dirichlet-t
constraints; in contrast, the Neumann-type constraints
either limited to insulated walls or obtained imposing
temperature gradient at the wall through a strategy of tr
fer to a Dirichlet-type condition.

For a wide class of real phenomena, the fixed tempera
condition is clearly inadequate. Examples are represente
the cooling of devices, wherethe problem is characterize
by an imposed thermal power to be removed, or by
air behavior in building rooms, where the temperature
the external walls is a direct consequence of the heat
administered to the walls.

In this framework, main aim of the present paper is
propose, discuss and validate a general purpose the
boundary condition (GPTBC). The GPTBC proposed h
successfully demonstrated for the Dirichlet-type constr
in the case of thermal Couette and Poiseuille flows (
D’Orazio and Succi [23] and D’Orazio et al. [24]), can sim
ulate explicitly either imposed wall temperature (Dirichl
type constraint) or imposed wall heat fluxes (Neumann-t
constraint), which allows LBM to be used for success
simulation of many types of heat transfer and fluid flows
plications. Thus, the methodcan become an effective an
alternative easy-to-apply tool, as well as the athermal L
counterpart, especially for all those situations wherein
use of the usual theoretical approaches may fail, e.g.,
to the complexity of the geometry. The validity of the d
veloped GPTBC is demonstrated through its applicatio
different cases of natural convection in enclosed spa
which today represents an active subfield in heat transfe
search.

The large number of papers available in the open lite
ture, to which the reader is referred, testifies the great inte
of this topic (see, for example, Janssen et al. [25], Xin
Le Quere [26], Versteegh and Nieuwstadt [27], Dol and H
jalic [28], Wang et al. [29] and Corcione [30]).

This great interest is due to the several fields in wh
natural convection is involved and to its importance in ma
engineering applications, e.g., heat transfer in buildin
solar energy collection, heatremoval in micro electronics
cooling of nuclear reactors, dispersion of fire fumes
buildings and tunnels, ventilation of rooms. Compared with
this great applicative interest, natural convection researc
is characterized by several theoretical and practical iss
The buoyancy-induced heat and momentum transfe
enclosures, also in simple geometries, strongly depend
geometric and physical conditions. Several regimes an
complex phenomena of successive transitions can take p
Standard simulation techniques CFD cannot predict
l

,

t

.

.

behaviour of natural convection systems with high geome
complexity, or where viscous heating effects and/or n
trivial conditions, related to the rheological law, are no
negligible. As said, alternative approaches can be us
and required. The present paper deals with the applica
of the thermal LBM to the natural convection flow in
square cavity with differently heated vertical walls, and w
a uniform heat flux heating and cooling both vertical wal

2. The thermal LBE model

This paper will deal with the double-populations LB
model proposed by He et al. [22]. The main idea is to v
a thermal flow as a mixture of material particles and ther
excitations (fluonsand phononsfor brevity) described by
two separate distribution functionsf and g. Fluons carry
mass and momentum according to the standard kin
moments:

ρ(�x, t) =
∫

f
(�x, �ξ , t

)
d�ξ (1)

ρ(�x, t)�u(�x, t) =
∫

�ξf
(�x, �ξ, t

)
d�ξ (2)

whereas phonons are in charge of the thermal energy de
and the corresponding heat flux:

ρe(�x, t) =
∫

g
(�x, �ξ, t

)
d�ξ (3)

�q(�x, t) =
∫

�v′g
(�x, �ξ , t

)
d�ξ (4)

whereρ is the fluid density,�u is the flow speed and�ξ is the
absolute velocity of the molecules; in addition,�v′ = �ξ − �u
is the molecular peculiar speed relative to the flow spe
Of course, in a real gas where mass, momentum and en
are carried by the same physical molecules, the follow
relationship must hold:

g
(�x, �ξ , t

) = | �v′ |2
2

f
(�x, �ξ , t

)
(5)

Therefore, the evolution equation forg is entirely specified
by the corresponding Boltzmann equation forf . More
specifically:

∂tf + (�ξ · ∇)
f = Ω(f ) (6)

∂tg + (�ξ · ∇)
g

= 0.5
∣∣�v′∣∣2Ω(f ) − f

(�ξ − �u) · [∂t �u + (�ξ · ∇)�u]
(7)

whereΩ(f ) is the collision operator and the last term
Eq. (7),

−f
(�ξ − �u) · [∂t �u + (�ξ · ∇)�u] = −fZ (8)

represents the viscous heating.
The simplest and by now most popular form of latt

Boltzmann equation is the lattice BGK, for Bhatnagar, Gr
and Krook (see Qian et al. [31]). The collision operato
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expressed as a single relaxation time to the local equilibr
so that

Ω(f ) = −f − f e

τf

(9)

0.5
∣∣�v′∣∣2Ω(f ) = Ω(g) = −g − ge

τg

(10)

The Lattice Boltzmann Model is obtained by a discretizat
of the velocity space: thediscrete one-body distribution
function is assumed to move along the lattice link d�xi =
�ci dt , connecting nearest neighbours, and to change its v
because of the collisions, while integrals over all veloc
space can be replaced by sums over the finite set of sp
in order to calculate macroscopic variables at the lat
sites. For all details about the appropriate discretiza
of the microscopic velocity space, in order to recover
continuity and momentum equations at the Navier–Sto
level, by means of a Gaussian–Hermite quadrature,
reader is referred to the important results of He and Luo [
Details about the derivation of the discrete scheme
the thermal energy evolution equation, by means of
analogous Gaussian–Hermite quadrature, can be found
et al. [22]. Precisely along this line of thought, and in ord
to guarantee that the kinematic viscosity,ν, has the same
expression in both Navier–Stokes and energy equat
when a Chapman–Enskog expansion has been perfor
a second order strategy to integrate Eqs. (6), (9) and
(10) is adopted by He et al. [22]. In order to avoid t
implicitness of the scheme, they introduce new disc
distribution functionsf̃i andg̃i

f̃i = fi + 0.5 dt

τf

(
fi − f e

i

)
g̃i = gi + 0.5 dt

τg

(
gi − ge

i

) + dt

2
Zifi (11)

wherefi andgi are the discrete populations which evol
when a standard first order integration strategy is adopte

The termZi = (�ci − �u) · Di �u represents the effects o
viscous heating andDi = ∂t +�ci ·∇ is the material derivative
along direction�ci . More specifically, it can be expressed a

Zi = [�ci − �u(�x, t)
]

· [�u(�x + �ci dt, t + dt) − �u(�x, t)
]
/dt (12)

This new distribution functions obey thus a set of latt
BGK equations in the form:

f̃i (�x + �ci dt, t + dt) − f̃i (�x, t)

= − dt

τf + 0.5 dt

(
f̃i − f e

i

)
(13)

g̃i (�x + �ci dt, t + dt) − g̃i(�x, t)

= − dt

τg + 0.5 dt

(
g̃i − ge

i

) − dtτg

τg + 0.5 dt
Zifi (14)

where τf , τg are the relaxation times andf e
i , ge

i are the
equilibrium distribution functions. In the sequel, the rea
,

,
,

Fig. 1. Nine-speed square lattice.

is referred to the two-dimensional square lattice with
nine speeds, represented in Fig. 1, which is sufficien
guarantee the recovering of the Navier–Stokes equa
after a Chapman–Enskog expansion:

�ci =
(

cos

(
i − 1

4
π

)
,sin

(
i − 1

4
π

))
c

i = 1, . . . ,8 �c0 = 0 (15)

wherec2 = 3RT andT is the temperature. The equilibriu
density distributions are chosen in the form of a quadr
expansion of a Maxwellian as follows:

f e
i = wiρ

[
1+ 3�ci · �u

c2 + 9(�ci · �u)2

2c4 − 3(u2 + v2)

2c2

]
(16)

ge
0 = −w0

3ρe

2

(u2 + v2)

c2 (17)

ge→,↑,←,↓ = w1ρe

[
1.5+ 1.5�ci · �u

c2
+ 4.5(�ci · �u)2

c4

− 1.5(u2 + v2)

c2

]
(18)

ge↗,↖,↙,↘ = w2ρe

[
3+ 6�ci · �u

c2 + 4.5(�ci · �u)2

c4

− 1.5(u2 + v2)

c2

]
(19)

In the above,�u ≡ (u, v), ρe = ρRT (in 2D), the weights of
the different populations are

w0 = 4

9
, w1 = 1

9
, i = →,↑,←,↓

w2 = 1

36
, i = ↗,↖,↙,↘ (20)

and the arrows denote the corresponding discrete sp
The terms enclosed by the square bracket, multiplied
the corresponding weightswi , will be calledcorresponding
form for equilibrium.

Finally, the hydrodynamic variables, density and mom
tum, can be calculated as (discrete) kinetic moments off̃i of
zeroth and first order, respectively, whereas zeroth and
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order kinetic moments of̃gi are used to express thermal e
ergy density and corresponding heat flux. Therefore, f
the originate equations

ρ =
∑

i

fi , ρe =
∑

i

gi

ρ �u =
∑

i

�cifi , �q =
∑

i

(�ci − �u)gi (21)

by using Eqs. (11), and reminding that∑
i

ge
i = ρe,

∑
i

�cig
e
i = ρe�u (22)

we can write

ρ =
∑

i

f̃i , ρe =
∑

i

g̃i − dt

2

∑
i

fiZi (23)

ρ �u =
∑

i

�ci f̃i

�q =
(∑

i

�ci g̃i − ρe�u − dt

2

∑
i

�cifiZi

)
τg

τg + 0.5 dt
(24)

The coupling between the two populations occurs at
levels:

(i) The local equilibriumf e
i depends on the actual intern

energy densitye.
(ii) The phonon distribution is forced by the viscous heat

termZifi .

Constraint (i) is the expression of thermodynamic con
tency, whereas (ii) specifically relates to viscous hea
effects. To improve the numerical stability, space–time in
pendentaveragevalues ofT are used to calculate the lattic
speed in the local equilibria of̃f andg̃ (average thermohy
drodynamic consistency), as made in the original paper:

c2 = 3R�T (25)

where�T is the average temperature. The kinematic visco
and the thermal diffusivity are given by:

ν = τf R�T , χ = 2τgR�T (26)

In the sequel, as usual in lattice Boltzmann methods
the variables are normalized from the reference velo
(3R�T )0.5 and the reference length dx.

3. Natural convection in a square cavity: A test-case for
Dirichlet thermal boundary condition

In order to demonstrate the validity of the present GPT
in case of imposed wall temperature, as described in
Section 3.1, a two-dimensional flow in a square cavity
considered. The four walls of the cavity are at rest, so
the wall speed is(U,V ) = (0,0). The horizontal (West an
East) walls are insulated and the vertical walls (North
South) are maintained at constant but different temperat
Fig. 2. Imposed temperature flow configuration.

Th andTc (see Fig. 2). With the Boussinesq approximati
all the fluid properties are considered as constant, exce
the body force term in the Navier–Stokes equations, wh
the fluid density is assumedρ = ρ̄[1 − β(T − �T )]; β is the
thermal expansion coefficient,̄ρ, �T are the average flui
density and temperature and�g = −g�i is the gravitationa
acceleration vector.

The major control parameter is the Rayleigh numbe
Ra1 = βg�T H 3Pr/ν2, where�T is the temperature differ
ence between the hot and cold walls;Pr = ν/χ is the Prandtl
number, measuring the momentum to heat diffusivity ra
andH is the height or width of the cavity.

For laminar convection in this flow configuration,
which the viscous heating is assumed to be negligi
the reader is referred to the benchmark solutions given
Hortmann et al. in [33], by De Vahl Davis in [34] and b
Barakos et al. in [35].

The most common set-up to simulate nearly incompress
ible flow consists of driving the flow by means of a for
per unit massG1 = βg(T − �T ), representing the buoyanc
effect. More specifically,

f̃i (�x + �ci dt, t + dt) − f̃i (�x, t)

= − dt

τf + 0.5 dt

(
f̃i − f e

i

)
+ dtτf

τf + 0.5 dt

3G1(cix − u)

c2 f e
i (27)

∑
i

f̃i = ρ,
∑

i

f̃i cix = ρu − dt

2
Fb

∑
i

f̃i ciy = ρv (28)

whereFb = ρG1.
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3.1. Boundary conditions

With regard to the velocity field, the non-slip bounda
conditions are applied to the four walls of the cavity. The
are obtained by means of the non-equilibrium bounce b
rule, which we describe in appendix, proposed by Zou
He [36].

With regard to the thermal field, a thermal count
slip approach is used here. The counter-slip idea has
proposed for the velocity boundary conditions by Inam
et al. [37], who suggested also possible application eve
thermal models with imposed wall temperature (Dirichl
type constraint). Imposed wall temperature and zero
flux boundary conditions by means of the counter-s
approach, which has been applied for the first time
D’Orazio and Succi [23] and D’Orazio et al. [24] in ca
of thermal Couette and Poiseuille flows, are described h

The incoming unknown thermal populations are assum
to be equilibrium distribution functions with a counter
slip thermal energy densitye′, which is determined so
that suitable constraints are verified. if the North wall
considered, whereT = TN , the unknowng̃↓, g̃↘ and g̃↙
are chosen

g̃i = ρ(eN + e′)[corresponding form for equilibrium]
i =↓,↘,↙ (29)

By definition:∑
i

g̃i = ρeN + dt

2

∑
i

fiZi (30)

which yields

ρeN + ρe′ = ρeN + dt
2

∑
i fiZi − K

1
3 − 1

2
V
c

+ 1
2

V 2

c2

(31)

whereK is the sum of the six known populations comi
from nearest wall and fluid nodes,eN denotes the impose
thermal energy density at the North wall, and the visc
heating term appears for generality. This boundary co
tion is found to provide significant stability and accurac
Probably, this is due to the fact that, in order to find
unknown populations coming from the external nodes,
constraint (30) is applied to the complete set of known p
ulations coming from the fluid field. He et al. [38] prove
that the counter-slip boundary condition proposed by I
muro et al. [37] for the velocity, and any other scheme wh
uses all fluid populations to generate the unknowns, yiel
zero slip-velocity at the wall. It is assumed that the pr
holds in this thermal case as well. At the insulated walls (
West wall as an example and still regarding the viscous h
ing for generality), the constraint on the heat flux is obtai
by imposingqx = 0 in the second equation of Eqs. (24),
that∑

cix g̃i = 0.5 dt
∑

cixfiZi + ρeW U (32)

i i
whereeW denotes the thermal energy density current va
(coming from the run) at the West wall. The unknow
populationsg̃→, g̃↗ andg̃↘, chosen as

g̃i = ρ(eW + e′)[corresponding form for equilibrium]
i =→,↗,↘ (33)

become

g̃→,↗,↘ =
[

1
1
3 + 0.5U

c
+ 0.5U2

c2

]

×
[( ∑

←,↖,↙
g̃i

)
+ dt

2

∑
W

ci

c
Zifi + ρeW

U

c

]

× [corresponding form for equilibrium] (34)

The corners nodes are treated in a similar way and
counter-slip procedure can be applied to the five unkn
incoming populations at the corner. As an example, at
North–West corner the unknown populations areg̃→, g̃↓,
g̃↘, g̃↗ and g̃↙; if the corner node is a fixed temperatu
wall node, it follows that

ρe′ = ρeN(5− 4U
c

− 5U2

c2 ) + 6 dt
∑

i fiZi − 12K

7+ 4U
c

+ 5U2

c2

(35)

whereK is the sum of the four known populations comi
from nearest wall and fluid nodes,eN is still the imposed
value of the North wall thermal energy density, and visc
heating term appears for generality.

3.2. Numerical results

For a comparison with the benchmark solutions, res
for the Rayleigh number ranging from 103 to 106, and
the Prandtl numberPr = 0.71, are reported. The avera
temperature used in particle equilibria is�T = (TS + TN)/2
with TS = Th = 20.0 and TN = Tc = 1.0; the relaxation
times are chosenτf = 0.1 and τg = 0.0704. To simulate
the flow for Rayleigh numberRa1 = 103 and Ra1 = 104,
a 129× 129 grid is used with the diffusion velocityV ∗ =
ν/Pr H = 0.3667× 10−3. For Ra1 = 105 and Ra1 = 106,
a 205× 205 grid is used with the diffusion velocityV ∗ =
ν/Pr H = 0.2301× 10−3. The local Nusselt number and th
average value are calculated as

Nu1 = − H

�T

∂T

∂y

∣∣∣
wall

(36)

Nu1 = 1

L

L∫
0

Nu1 dx (37)

where the temperature gradient is obtained by means o
a three points formula. Table 1 reports the maxim
horizontal velocityvmax/V ∗ at y/H = 0.5, the maximum
vertical velocityumax/V ∗ at x/L = 0.5 and the locations
where they occur. Table 2 reports the maximum a
minimum values of the Nusselt number along the hot w
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Table 1
Natural convection in a square cavity with vertical walls at differen
temperatures. Comparison of laminar solution with previous works f
different Rayleigh number (Ra1) andPr = 0.71: maximum horizontal
velocity vmax/V ∗ at y/H = 0.5, maximum vertical velocityumax/V ∗
at x/L = 0.5, and, in parentheses, the locations where they occur

umax (y/H ) vmax (x/L)

Ra= 103

This work 3.7006(0.1797) 3.6532(0.8125)
Barakos et al. 4.1301(0.181) 4.0768(0.806)
De Vahl Davis 3.697(0.178) 3.649(0.813)
Fusegi, cited in [35] 3.4906(0.200) 3.5172(0.833)
Hortmann et al. − (-) − (-)

Ra= 104

This work 19.6803(0.1172) 16.2370(0.8203)
Barakos et al. 19.71719(0.119) 16.262470(0.818)
De Vahl Davis 19.617(0.119) 16.178(0.823)
Fusegi, cited in [35] 18.9588(0.117) 16.9366(0.817)
Hortmann et al. 19.6295(0.1193) 16.1802(0.8265)

Ra= 105

This work 68.7122(0.0637) 34.8225(0.8529)
Barakos et al. 68.7462(0.066) 35.1725(0.859)
De Vahl Davis 68.59 (0.066) 34.73 (0.855)
Fusegi, cited in [35] 65.8152(0.065) 39.1694(0.855)
Hortmann et al. 68.6396(0.0657) 34.7399(0.8558)

Ra= 106

This work 221.1869(0.0392) 64.8679(0.8529)
Barakos et al. 220.7651(0.039) 64.8813(0.859)
De Vahl Davis 219.36 (0.0379) 64.63 (0.850)
Fusegi, cited in [35] 218.2373(0.033) 70.7796(0.856)
Hortmann et al. 220.461(0.0390) 64.8367(0.8505)

the location where they occur and the average valueNu1.
The relation betweenNu1 and Ra1 may be described as
power-law equation:

Nu1 = a(Ra1)
b (38)

wherea = 0.1425 andb = 0.2988, which are in good agree
ment with the results(a, b) = (0.142,0.299) reported by
Barakos et al. [35]. Fig. 3 shows the normalized tempe
ture profiles[T (y) − TN ]/�T at the mid-widthx/L = 0.5
of the cavity, for Rayleigh number ranging from 103 to 106

andPr = 0.71.
For the same values of the Rayleigh and Prandtl numb

Fig. 4 shows the normalized vertical velocityu(y)/V ∗ at the
mid-widthx/L = 0.5 of the cavity, whereas Fig. 5 shows t
normalized horizontal velocityv(x)/V ∗ at the mid-height
y/H = 0.5.

The transition from the motionless conduction domina
regime to the convection dominated regime, which ta
place afterRa= 103, can be observed. The increase of
motion strength with increasing Rayleigh number, wh
brings to the formation of a quasi-motionless fluid co
embedded between two boundarylayer regions adjacent t
the differently heated walls, forRa= 105−Ra= 106, is well
captured.
,

Table 2
Natural convection in a square cavity with vertical walls at differe
temperatures. Comparison of laminar solution with previous works
different Rayleigh number (Ra1) and Pr = 0.71: maximum, minimum
and average values of the Nusselt number (Nu1) at the hot-wall, and, in
parentheses, the location where they occur

Nu NuM (x/L) Num (x/L)

Ra= 103

This work 1.117 1.501(0.086) 0.698(0.953)
Barakos et al. 1.114 1.581(0.099) 0.670(0.994)
De Vahl Davis 1.118 1.505(0.092) 0.692(1.000)
Fusegi, cited in [35] 1.105 1.420(0.083) 0.764(1.000)

Ra= 104

This work 2.235 3.507(0.148) 0.584(0.984)
Barakos et al. 2.245 3.539(0.143) 0.583(0.994)
De Vahl Davis 2.243 3.528(0.143) 0.586(1.000)
Fusegi, cited in [35] 2.302 3.652(0.623) 0.611(1.000)

Ra= 105

This work 4.504 7.658(0.088) 0.728(0.990)
Barakos et al. 4.510 7.636(0.085) 0.773(0.999)
De Vahl Davis 4.519 7.717(0.081) 0.729(1.000)
Fusegi, cited in [35] 4.646 7.795(0.083) 0.787(1.000)

Ra= 106

This work 8.767 17.288(0.0441) 0.998(0.990)
Barakos et al. 8.806 17.442(0.0368) 1.001(0.999)
De Vahl Davis 8.800 17.925(0.0378) 0.989(1.000)
Fusegi, cited in [35] 9.012 17.670(0.0379) 1.257(1.000)

Fig. 3. Normalized temperature profiles atx/L = 0.5, �T = 19.0,
Pr = 0.71; �: Ra= 103, �: Ra= 104, �: Ra= 105, �: Ra= 106.

4. Natural convection in a square cavity: A test-case for
Neumann thermal boundary condition

In order to validate the GPTBC in case of imposed n
zero wall heat flux, as described in next Section 4.1



582 A. D’Orazio et al. / International Journal of Thermal Sciences 43 (2004) 575–586

the

reas
ted
see
y

igh

w
cts,

n
the
bles

ts

ir
Fig. 4. Normalized vertical velocity atx/L = 0.5, �T = 19.0, Pr = 0.71;
�: Ra= 103, �: Ra= 104, �: Ra= 105, �: Ra= 106.

Fig. 5. Normalized horizontal velocity aty/H = 0.5, �T = 19.0,
Pr = 0.71;�: Ra= 103, �: Ra= 104, �: Ra= 105, �: Ra= 106.

two-dimensional flow in a square cavity is considered. At
four walls of the cavity, the velocity is still(U,V ) = (0,0).
The horizontal walls (West and East) are insulated, whe
the vertical walls (North and South) are cooled and hea
respectively by means of an imposed uniform heat flux (
Fig. 6). In this case, the forcingG representing the buoyanc
effects in Eq. (27) is modified asG2 = βg(T − TO), where
TO is the temperature in the cavity centre. The Rayle
number based on prescribed heat fluxqy and cavity height
or width, isRa2 = βgqyH 4Pr/ν2k, wherek = ρcvχ is the
Fig. 6. Imposed heat flux flow configuration.

thermal conductivity. For laminar convection in this flo
configuration, still neglecting the viscous heating effe
the reader is referred to the analytical solution given by
Kimura and Béjan in [39]. From a theoretical analysis i
the context of the boundary layer regime, they found
following relationships between the dimensionless varia
into the boundary layer region:

T̃ (ỹ) = − 4

A
e− A

4 ỹ cos

(
A

4
ỹ

)
(39)

ũ(ỹ) = − 32

A3e− A
4 ỹ sin

(
A

4
ỹ

)
(40)

where

ỹ = y

LRa−1/5
2

(41)

T̃ = T − TO

χν

gβL3 Ra4/5
2

(42)

ũ = u

χ
L

Ra2/5
2

(43)

and the constantA is calculated as

A9 = 8192
L

H
Ra1/5

2 (44)

In the core, the temperaturẽT∞ and the velocity componen
ũ∞, ṽ∞ are found

T̃∞ = x̃
A4

64
, ũ∞ = 0, ṽ∞ = 0 (45)

where x̃ = x/H . The Nusselt number predicted by the
analysis is as follows:

Nu= 0.340

(
L

H

)1/9

Ra2/9
2 (46)
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4.1. Boundary conditions

Boundary conditions for the velocity are the same use
Section 3, so the reader is still referred to Appendix A.

At insulated walls (the West wall as an example),
constraints (32) and (34) are applied. In order to imp
the uniform heat flux at the vertical walls, the therm
counter-slip approach is applied here along with a non-z
heat flux constraint. This Neumann-type boundary conditio
appears for the first time in present work, and allows lat
Boltzmann method to handle imposed wall heat flu
boundary conditions, beyond the usual adiabatic cond
of previous schemes.

With reference to the North wall as an example,
constraint onqy is

∑
i

ciy g̃i = τg + 0.5 dt

τg

qy

+ 0.5 dt
∑

i

ciyfiZi + ρeNV (47)

whereeN denotes the current value (coming from the ru
of the North wall thermal energy density, and the visco
dissipation term still appears for generality. The unkno
populationsg̃↓, g̃↙ and g̃↘, as already said, are assum
to be equilibrium distribution functions with a counter-slip
thermal energy densitye′ (see Eq. (29)), and thus become

g̃↓,↙,↘ =
[

1
1
3 − 0.5V

c
+ 0.5V 2

c2

]

× [corresponding form for equilibrium]
×

[( ∑
↑,↗,↖

g̃i

)
− τg + 0.5 dt

τg

qy

c

− dt

2

∑
N

ciy

c
Zifi − ρeN

V

c

]
(48)

where explicitly appears a term with the specified heat fl

4.2. Numerical results

For a comparison with the theoretical solutions given
Kimura and Béjan [39], results forRa2 = 105 andRa2 = 106

with Pr = 2.0 andL/H = 1.0 are given. A 301× 301 grid
is used and the relaxation times are chosenτf = 0.2 and
τg = 0.05; the prescribed heating and cooling heat flux
chosenqy = 6.702×10−5. The comparison concerns the d
mensionless vertical velocityu(y)/V ∗∗ and the normalized
temperature[T (y) − TO]/T ∗∗ at x/L = 0.5; the reference
variables areV ∗∗ = χRa2/5

2 /H andT ∗∗ = χνRa4/5
2 /βgH 3,

respectively. The reference horizontal coordinate isy∗∗ =
HRa−1/5

2 . Figs. 7 and 8 refer toRa2 = 105, whereas Figs. 9
and 10 refer toRa2 = 106; all the profiles are plotted for th
“hot” half cavity. In Fig. 11 normalized temperature distri
ution on three vertical planesis presented, as compared w
analytical solution, forRa2 = 106.
Fig. 7. Hot wall boundary layer: dimensionless vertical velocity profile
x/L = 0.5 for Ra2 = 105; numerical (circles) versus theoretical (solid lin
values.

Fig. 8. Hot wall boundary layer: normalized temperature profile a
x/L = 0.5 for Ra2 = 105; numerical (circles) versus theoretical (solid lin
values.

Some more remarks are required. The theoretical s
was developed under the assumption of boundary l
regime. According to the theoretical boundary layer ana
sis, temperature and velocity fields close to the heated
cooled vertical walls of the cavity, originate from the dire
buoyant contribution by the respective wall itself. The n
merical approach takes into account the role played by
opposite wall, whose effects may indeed be non-neglig
Actually, the fluid which flows along the hot (or cold) wa
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Fig. 9. Hot wall boundary layer: dimensionless vertical velocity profile
x/L = 0.5 for Ra2 = 106; numerical (circles) versus theoretical (solid lin
values.

of the cavity is previously cooled (or heated) by the oppo
wall: a larger amount of heat is transferred from the hot w
to the fluid (or from the fluid to the cold wall), which implie
an enhanced buoyancy-induced motion. In addition, one
see from the numerical results the motionless cavity core
duced by the opposing effects of the vertical walls, wher
a more extensive boundary layer region is singled out by
theoretical approach. This is more evident in Fig. 7, since
boundary layer thickness increases for lowerRa; for higher
Rayleigh numbers, a definite separation between the
and the two boundary layer regions is detected, and it m
clear the better agreement between numerical and theoret
cal results in Fig. 9. The linear thermal stratification is sho
in Fig. 11: the near-wall and core temperatures vary line
with the height, with the exception of the region near the
and bottom walls, where the fluid flows horizontally and
vertical temperature gradient vanishes.

The local Nusselt number and the average value
calculated as

Nu2 = qyH

�T k
(49)

Nu2 = 1

L

L∫
0

Nu2 dx (50)

where�T is the actual wall-to-wall temperature difference
In Table 3 are reported the local Nusselt number atx/L =
0.5 and the average value for bothRa2 = 105 and Ra2 =
106; the average values are compared with those obtaine
by means of the theoretical formula (46). It could
noted that the theoretical analysis proposed by Kimura
Béjan [39] refers toPr � 1.0 and the numerical results ref
Fig. 10. Hot wall boundary layer: normalized temperature profile a
x/L = 0.5 for Ra2 = 106; numerical (circles) versus theoretical (solid lin
values.

Fig. 11. Normalized temperature distribution forRa2 = 106

at y/H = 0.0367 (y = 0.58108HRa−1/5
2 ), y/H = 0.5 (y =

7.92384HRa−1/5
2 ), y/H = 0.9634 (y = 15.26659HRa−1/5

2 ); numer-
ical (solid lines) versus theoretical (dashed line) values.

to Pr = 7.0, falling by 15–20 percent below the theoretic
predictions. In this work, errors of 17.2 and 12 percent fo
Ra2 = 105 andRa2 = 106, respectively are found.
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Table 3
Natural convection in a square cavity with uniform heat flux from verti
walls: Nusselt number (Nu2) for different Rayleigh number (Ra2) and
Pr = 2.0

Ra Nu Nux/L=0.5 Nu theoretical

105 3.6374 4.3449 4.3909
106 6.4423 7.4856 7.3244

5. Conclusions

A thermal lattice Boltzmann BGK model with double
populations has been discussed. With respect to previou
methods, it enhances the numerical stability and is abl
include the viscous heating effects. A new thermal bound
condition for this scheme has been proposed. It can simu
explicitly either imposed wall temperature (Dirichlet-ty
constraint) or imposed wall heat fluxes (Neumann-type c
straint), beyond the adiabatic condition of previous schem
These significant improvements, in the context of the kin
schemes, can be added to the advantages specific to
methods, and primarily to lattice Boltzmann methods. T
include fully parallel algorithms and easy implementat
of interfacial dynamics and complex boundaries, as in
gle and multi-phase flow in porous media. In addition,
Poisson equation must be resolved and irregular boun
conditions are easy to handle. It makes the lattice Boltzm
methods competitive tools, with respect to the usual theo
cal approaches and to the standard numerical techniques, fo
the simulation of complex hydrodynamic phenomena, fr
fully developed turbulence to phase transitions to gran
flows.

Application to different cases of natural convection
a cavity has been carried out. The study shows that
method provides reliable results over a wide range
physical parameters. Thus it can become an effective
alternative tool, as well as the athermal counterpart,
successful simulation of many types of heat transfer
fluid flow processes, especially for all situations wh
complex phenomena take places.

Appendix A

In order to describe the procedure proposed by Zou
He [36] to impose the velocity boundary conditions, t
reference as an example is to the West wall, where
unknown populations coming from the external nodes
f̃→, f̃↗, f̃↘, and the arrows are self-explanatory for t
streaming directions. The wall speed(U,V ) = (0,0) has
been imposed by means of the constraints:∑

i

f̃i = ρW ,
∑

i

f̃i cix = ρW U − dt

2
Fb∑

f̃iciy = ρWV
(A.1)
i

e

plus a “bounce-back” condition on the non-equilibrium p
of the particle distribution perpendicular to the boundary

f̃→ − f e→ = f̃← − f e← (A.2)

These yield the wall density as a function of the kno
populations (those inside the computational domain) an
the wall speed(U,V ) = (0,0):

ρW =
[( ∑

known f̃i

f̃i

)
+ f̃← + f̃↙ + f̃↖

]

× 1

1− U
c

+ 0.5 dt G
c

(A.3)

It follows that

f̃→ = f̃← + 2

3
ρW

U

c
(A.4)

f̃↗ = f̃↙ + f̃↓ − f̃↑
2

+ 1

6
ρW

U

c

+ 1

2
ρW

V

c
− 0.25 dt

Fb

c
(A.5)

f̃↘ = f̃↖ − f̃↓ − f̃↑
2

+ 1

6
ρW

U

c

− 1

2
ρW

V

c
− 0.25 dt

Fb

c
(A.6)

The constrains for a corner node (the North–West co
as an example) are the same in Eq. (A.1) plus the
non-equilibrium bounce back conditions on the parti
distributions perpendicular to the boundaries

f̃→ − f e→ = f̃← − f e←
f̃↓ − f e↓ = f̃↑ − f e↑ (A.7)

The five unknown distributions incoming at the corner
thus found as:

f̃→ = f̃← + 2

3
ρNW

U

c
(A.8)

f̃↓ = f̃↑ − 2

3
ρNW

V

c
(A.9)

f̃↗ = ρNW − f̃0

2
− 1

3
ρNW

U

c

+ 1

2
ρNW

V

c
− (

f̃← + f̃↑ + f̃↖
)

(A.10)

f̃↙ = ρNW − f̃0

2
− 1

2
ρNW

U

c
+ 1

3
ρNW

V

c

− (
f̃← + f̃↑ + f̃↖

) + 0.25 dt
Fb

c
(A.11)

f̃↘ = f̃↖ + 1

6
ρNW

U

c
− 1

6
ρNW

V

c
− 0.25 dt

Fb

c
(A.12)

whereρNW can be taken equal to the density value of
nearest neighbour node.
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